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1. INTRODUCTION
Let Z, Rq, and R be the set of all integers, non-negative real numbers
w x w xand real numbers, respectively and let V s 0, 2p = 0, 2p .
1 .Let L V be the space of measurable real-valued functions u: V ª R
5 5 1 2 .which are Lebesgue integrable over V with usual norm ? . Let L VL
be the space of measurable real-valued functions u: V ª R which are
 .Lebesgue square integrable over V with usual inner product , and usual
5 5 2 ` .norm ? and let L V be the space of measurable real-valued func-L
tions u: V ª R which are essentially bounded with usual essential norm
5 5 `? .L
k .Let C V be the space of all continuous functions u: V ª R such that
the partial derivatives up to order k with respect to both variables are
 . 0 . 5 5continuous on V, while C V is used for C V with the usual norm ? `
` . ` k .and we write C V s F C V .ks0
k.2 . 2 .Let W V be the Sobolev space of all functions u: V ª R in L V
2 .such that all partial distributional derivatives up to k belongs to L V
with the usual Sobolev norm.
The purpose of this work is to investigate the weakened Ambrosetti]
 .  .Prodi briefly WAP type and Ambrosetti]Prodi briefly AP type multi-
 w x.plicity results see 1 for weak doubly periodic solutions of the nonlinear
dissipative hyperbolic equations of the form
b u q u y u q g t , x , u s s q h t , x in V , 1.1 .  .  .t t t x x
 .  . 2 .  .where b / 0 g R, u s u t, x , h g L V with HH h t, x dt dx s 0,V
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g : V = R ª R is a continuous function and s is a real parameter.
 . 2 .A weak doubly periodic solution of 1.1 will be u g L V such that
u , yb ¨ q ¨ y ¨ q g ?, ? , u ? ¨ s s q h , ¨ 1.2 .  .  .  . .t t t x x
2 .for every ¨ g C V satisfying the boundary conditions
w x¨ t , 0 y ¨ t , 2p s ¨ t , 0 y ¨ t , 2p , t g 0, 2p .  .  .  .x x
w x¨ 0, x y ¨ 2p , x s ¨ 0, x y ¨ 2p , x , t g 0, 2p . .  .  .  .t t
 .Let us remark that a necessary condition for 1, 2 to have meaning is that
 . 2 . 2 .g be such that g ?, ? , u g L V when u g L V .
Besides, g is a continuous function on V = R, we assume the following:
 . ` . 2 .H1 There exist a g L V and b g L V such that
< < < <g t , x , u F a t , x u q b t , x a.e. on V . .  .  .
Fabry et al. and Mawhin have shown AP type multiplicity results for
w x w xperiodic solutions of forced second order ODEs in 3 and in 10 , respec-
tively. Ding and Mawhin treat WAP and AP type multiplicity results for
periodic solution of higher order in fact, a more general operator is
. w xconsidered ODEs in 2 . Ramos and Sanchez and Ramos deal with WAP
and AP, as well as WAP multiplicity results for periodic solutions of higher
w x w xorder ODEs, in 11 and in 12 , respectively. Our method of proof is
w xrelated to that of 2 . However, we use the specific properties of the
 .periodic problem for 1, 1 in the obtention of the required a priori bound.
2. PRELIMINARY RESULTS
Now consider the equation
b u q u y u s h t , x , b / 0 and write 2.1 .  .t t t x x
u t , x s u exp i lt q mx .  . lm
 .l , m gZ=Z
h t , x s h exp i lt q mx .  . lm
 .l , m gZ=Z
with u s u and h s h since u and h are real.lm ylym lm ylym
2 .  .LEMMA 2.1. u g L V is a weak solution of 2.1 if and only if , for all
 .l, m g Z = Z,
2 2b li q m y l u s h . . lm lm
SEMILINEAR DISSIPATIVE HYPERBOLIC EQUATIONS 737
 2 . w 2 2  2 2 .2 x < < 2 4Let Dom L s u g L V :  b l q m y l u - ` . l, m.g Z=Z lm
2 . 2 .Define an operator L: Dom L : L V ª L V by
2 2Lu t , x s b li q m y l u exp i lt q mx . .  .  .  . lm
 .l , m gZ=Z
2 .Then Dom L is dense in L V , Ker L s R
Im L s h g L2 V : h t , x dt dx s 0 , .  .HH 5
V
Im L is closed, and
Hw xKer L s Im L.
2 .Moreover, L V s Ker L [ Im L. Consider a continuous projection
P : L2 V ª L2 V such that Im L s Ker P . .  .
2 .Then L V s Ker L [ Ker P. We consider another continuous projec-
2 . 2 .tion Q: L V ª L V defined by
1
Qh t , x s h t , x dt dx. .  .  .HH24p V
2 . 2 .Then we have L V s Im Q [ Im L, Ker Q s Im L, and L V rIm L
is isomorphic to Im Q.
w 2 . x w x w xSince dim L V rIm L s dim Im Q s dim Ker L s 1, we have an
isomorphism J: Im Q ª Ker L and L is a Fredholm mapping of index 0.
Moreover, we have easily the following lemma.
2 . 2 .LEMMA 2.2. L: Dom L : L V ª L V is a closed operator.
2 .  .If h g L V , then u is a weak solution of 2.1 if and only if u g Dom L,
Lu s h. L is not bijective but the restriction
<L : Im L l Dom L ª Im LDom Ll Im L
is bijective, so we can define a right inverse
y1R <w xK s L : Im L ª Im L l Dom LDom Ll Im L
and
y1R 2 2K h t , x s b li q m y l h exp i lt q mx . .  .  .  . lm
 .l , m gZ=Z
 .  .l , m / 0, 0
We have the following lemma.
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Rw x 1.2 .  .LEMMA 2.3. Dom L l Im L s K Im L : W V l C V l Im L
Rw k.2 x kq1.2and K W l Im L : W l Im L, k s 0, 1, 2, 3, . . . . Moreo¨er, if
5 R 5 1.2 5 5 2h g Im L, then K h F C h for some C ) 0 independent of h.W L1 1
w xProof. See 4, 10, 7 .
Since
y1R 2 2K h t , x s b li q m y l h exp i lt q mx , .  .  .  . lm
 .l , m gZ=Z
 .  .l , m / 0, 0
we can represent K R as a convolution product
K Rh t , x s K ) h t , x s K t y s, x y y h s, x ds dy , .  .  .  .  .  .HH
V
where
1 y12 2K t , x s b li q m y l exp i lt q mx . .  .  .24p  .l , m gZ=Z
 .  .l , m / 0, 0
We have the following lemma.
R  .LEMMA 2.4. The operator K : Im L ª C V is compact. If h g Im L,
5 R 5 5 5 2then K h F C h for some constant C ) 0 independent of h.` L2 2
w xProof. See 4, 6, 7 .
R 1 R 1 2 .  .  .Now we can extend K to L V by defining K : L V ª L V by
the formula
R 1K h t , x s K t y s, x y y h s, y ds dy for h g L V . .  .  .  .  .HH
V
Then, by Holder’s inequality and Fubini’s theorem, we have the follow-¨
ing lemma.
R 2 2 15 5 5 5 5 5LEMMA 2.5. K h F K h .L L L
w xProof. See 7 .
 .3. WAP TYPE MULTIPLICITY RESULT
Let us consider the following doubly periodic boundary value problem
w x lb u q u y u q lg t , x , u s ls q lh t , x , l g 0, 1 , 3.1 .  .  .t t t x x s
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where g : V = R ª R is a continuous function and h g Im L. Let
2 . 2 .L: Dom L : L V ª L V be defined as before and define a substitu-
l 2 . 2 .tion operator N : L V ª L Vs
N l t , x s lg t , x , u y ls y lh t , x .  .  . .s
2 .  . lfor u g L V and t, x g V. By Krasnosel’skii’s results, N is continu-s
2 .ous and bounded. Let G be any open bounded subset of L V , then
2 R 2 .  .  .QN: G ª L V is bounded and K I y Q : G ª L V is compact
land continuous. Thus, N is L-compact on G. The coincidence degrees
 l . lD L q N , G is well-defined and constant in l if Lu q N / 0 forL s s
w x  .l g 0, 1 , s g R and u g Dom L l ­ G. It is easy to check that u, l is a
 l.weak doubly periodic solution of 3.1 if and only if u g Dom L ands
Lu q N lu s 0. 3.2l .s s
Here we assume the following:
 .  .H2 g t, x, u G 0 on V = R,
 .  .H3 lim g t, x, u s q` uniformly on V.< u < ªq`
 .  . qLEMMA 3.1. If H1 and H2 are satisfied, then, for each s* g R , there
 .exists M s* ) 0 such that
5 5 2u F M s* .˜ L
holds for each possible weak doubly periodic solution u s u q u, with u g˜
 l. w xKer L and u g Im L, of 3.1 where s F s*, l g 0, 1 .˜ s
 .  l.Proof. Let u, l be any weak doubly periodic solution of 3.1 . Thens
l .  .u, l is a solution of 3.2 where u s u q u with u g Ker L and u g˜ ˜s
R l .Im L. By applying K on both sides of Eq. 3.2 , we have, sinces
R RK N s K ,Im L
R l Ru s ylK N u s lK yg ?, ? , u q s q h ?, ? . .  .˜ s
Hence, by Lemma 2.5,
22 2 1 15 5 5 5 5 5 < < 5 5u F K g ?, ? , u q 4p s q h . .L L L L
 l.By taking the inner product with 1 on both sides of 3.2 , since 1 g Ker L,s
we have
g t , x , u t , x dt dx s 4p 2s. . .HH
V
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 . 5  .5 1 2Hence, by Lemma 2.5 and H2 , we have g ?, ? , u F 4p s. Therefore,L
we have
22 2 15 5 5 5 5 5u F 2 K 8p s* q h ' M s* . .˜ L L L
The proof is complete.
 .  .  . qLEMMA 3.2. If H1 , H2 , and H3 are satisfied, then, for each s* g R ;
 .there exists g s* such that
< <u F g s* .
holds for each possible weak doubly periodic solution u s u q u, with u g˜
 l. w xKer L and u g Im L, of 3.1 where s F s* and l g 0, 1 .˜ s
Proof. Suppose there exist a constant s with s F s* and the corre-
ln .4  .  < <4sponding weak doubly periodic solutions u , l of 3.1 with u isn n s n
ln .  .unbounded. Then u , l is a solution of 3.2 where u s u q u with˜n n s n n nn
 4u g Ker L and u g Im L. We may choose a subsequence, say again u˜n n n
< <such that u ª q` as n ª q`. Now suppose that u ª q` as n ªn n
 .  .q`. Let M ) 2p M s* where M s* is given in Lemma 3.1 and let0
M0
V s t , x u t , x F y . .  .˜n n 2 54p
Then
< <2p M s* G u t , x dt dx .  .˜HH n
V
< <G u t , x dt dx .˜HH n
Vn
M0 w xG measure V .n24p
w x 2   . . wTherefore, measure V F 4p 2p M s* rM and hence measure V yn 0
x  .  .  2 .4 2w  . xV s measure t, x N u t, x ) yM r 4p G 4p 1 y 2p M s* rMn n 0 0
) 0.
 .  .Since lim g t, x, u s q` uniformly on V, there exists C s* ) 0< u < ªq`
such that
2 w xg t , x , u ) 4p s*rmeasure V y V . n
< <  .for all n if u G C s* .
Since u ª q`, there exists N ) 0 such thatn
M0
u G q C s* if n G N. .n 24p
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 .Hence, for t, x g V y V and n G N, we haven
u t , x s u q u t , x G C s* . .  .  .˜n n n
Thus, for n G N, we have
g t , x , u t , x dt dx ) 4p 2s*. . .HH n
VyV n
On the other hand, by taking the inner product with 1 on both sides of
 ln.3.1 , we havesn
g t , x , u t , x dt dx F 4p 2s*. . .HH n
V
 .Therefore, for n G N, by H2 ,
4p 2s* G g t , x , u t , x dt dx . .HH n
V
G g t , x , u t , x dt dx ) 4p 2s* . .HH n
VyV n
which is impossible.
Similarly, we can treat the case where u ª y`. The proof is complete.n
 .  .  . qLEMMA 3.3. If H1 , H2 , and H3 are satisfied, then, for each s* g R ,
 . 2 .  .we can find an open bounded set G s* in L V such that for G = G s* we
ha¨e
D L L q N 1 , G s 0 for all s F s*. .s
 . yProof. Since lim g t, x, u s q`, for each s* g R there exists< u < ªq`
 . < <  .  2 .g* ) 0 such that g t, x, u ) s* if u G g*. Let G s* s u g L V :˜ ˜
˜2< < 5 5 4u - g , u - M where u s u q u with u s Ker L and u g Im L, and˜ ˜ ˜ ˜L
˜  . 4  .  .  .g ) max g s* , g , M ) M s* , and g s* and M s* are given in Lemma˜ ˜
3.1 and Lemma 3.2. Let
s s min g t , x , u . .0
 .t , x gV
ugR
l . w xIf 3.2 has a solution u for some s g R and l g 0, 1 , then, by takings
l .the inner product with 1 on both sides of Eq. 3.2 , we haves
1
s F g t , x , u t , x dt dx s s. . .HH0 24p V
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l .Thus 3.1 has no solution for s - s . Hence, we haves 0
1D L q N , G s 0 for s - s . .L s 0
2  . . w x  .Choose s - s and define F: D L l G = 0, 1 ª L V by0
F u , m s Lu q N u for s F s*. .  .1ym . sqm s
  . . w x.Then, by Lemma 3.1 and Lemma 3.2, we have 0 f F D L l ­ G = 0, 1
for s F s*. By the homotopy invariance of degree, we have
D L q N 1 , G s D F ?, 1 , G . . .L s L
s D F ?, 0 , G . .L
1s D L q N , G .L s
s 0 for all s F s*
and the proof is complete.
 .  .  .LEMMA 3.4. If H1 , H2 , and H3 are satisfied, then there exist s G s1 0
  ..such that, for each s* ) s , we can find an open bounded set D G s* in1
2 .L V on which
1D L q N , D G s* s 1 . . .L s
for all s - s F s*.1
 .Proof. Let t , x , u g V = R be such that0 0 0
g t , x , u s min g t , x , u .  .0 0 0
 .t , x gV
ugR
and let
s s max g t , x , u . .1
 .t , x gV
˜w xug u yM , u qM0 0
2 ˜ ˜2  ..   . 5 5 4Let D G s* s u g L V : u - u - g , u - M where g and M are˜ ˜ ˜L0
x x  .given by Lemma 3.1 and Lemma 3.3. If s ) s , l g 0, 1 then u, l is a1
 l.   ..possible solution of 3.2 such that u g ­D G s* , then by Lemma 3.1s
and Lemma 3.2, we have necessary u s u and0
˜ ˜u y M - u t , x s u q u t , x - u q M .  .˜0 0
 .for all t, x g V.
 l.By taking the inner product with 1 on both sides of 3.2 , we haves
g t , x , u t , x dt dx s s. . .HH
V
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But
1
s G g t , x , u t , x dt dx s s . .HH1 24p V
x xwhich is impossible. Thus, for s ) s and l g 0, 1 ,1
D L q N 1 , D G s* . . .L s
is well defined, and
D L q N 1 , D G s* s D JQNl, D G s* l Ker L, 0 , .  . .  . .  .L s B s
l 2 .where JQN : L V ª Ker L is an operator defined bys
1
lJQN u t , x s g t , x , u t , x dt dx y s .  . . . HHs 24p V
 w x.see 5 and D denotes the Brouwer degree.B
1 <  .Thus, for s - s F s*, we have JQN u F s y s - 0 and, byKer L1 s 0 1
1 <  .definition of g in Lemma 3.3, JQN g ) 0.˜ ˜Ker Ls
Therefore
1 1D L q N , D G s* 0 s D JQN , D G s* l Ker L s 1 .  . .  . .  .L s B s
and the proof is complete.
 .  .  .THEOREM 1. Assume H1 , H2 , and H3 . Then there exist real num-
bers s F s such that0 1
 .  1 .i 3.1 has no weak doubly periodic solution for s - s .s 0
 .  1 .ii 3.1 has at least one weak doubly periodic solution for s s s .s 1
 .  1 .iii 3.1 has at least two weak doubly periodic solutions for s ) s .s 1
Proof. Let s and s be the constants defined in Lemma 3.3 and0 1
 .  .Lemma 3.4. Part i has been proved in Lemma 3.3. For part iii , if s ) s ,1
 .   ..   ..then we can choose G > / D G s , where G and D G s are defined in
Lemma 3.3 and Lemma 3.4, respectively. By the additivity of degree, we
have
0 s D L q N 1 , G s D L q N 1 , G q D L q N 1 , G _ D G s . . .  .  .L s L s L s
and hence, by Lemma 3.4,
1< <D L q N , G _ D G s s 1. . . .L s
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 1 .   ..Therefore, 3.1 has one weak doubly periodic solution in D G s ands
 .  4one in G _ D G s . For part ii , let s be a sequence in R with . . n.
 4s ) s ) ??? ) s such that s ª s and let u be the corresponding1. 2. 1 n. 1 n
 1 .sequence of weak doubly periodic solutions of 3.1 . Then u is a solutions n
1 .to 3.2 and u s u q u with u g Ker L and u g Im L. By Lemma˜ ˜s n n n n n
 4  43.2, we have a subsequence u of u which converge to some u in R.n nk
 .On the other hand, by H1 , Lemma 3.1 and Lemma 3.2, we can easily see
 4 2 . Rthat Lu is a bounded sequence in Im L : L V . Since K : Im L ªnk
 . R .C V is a compact operator and u s K Lu , we have a subsequence˜n nk k
 4  .say again u which converges to some u in C V . Therefore, we have a˜nk
 4  4subsequence u of u which converges to u s u q u with u g Ker L˜n nk
and u g Im L.˜
 1.Since L is a closed operator, u g Dom L and u is a solution of 3.2 .s
 1.Thus u is a weak doubly periodic solution of 3.2 for s ) s . Thiss 1
completes our proof.
 .4. AP TYPE MULTIPLICITY RESULT
Let us consider the doubly periodic boundary value problem
w x lb u q u y u q lg u s ls q lh t , x , l g 0, 1 , 4.1 .  .  .t t t x x s
where g : R ª R is continuous and h g Im L.
2 . 2 .Let L: Dom L : L V ª L V be defined as before and define the
substitution operator by
N l t , x s lg u t , x y ls y lh t , x .  .  . . .s
2 l .  .for u g L V and t, x g V. Then N is L-compact on G for any opens
2 .bounded subset of L V , and u is a weak doubly periodic solution to
 l.4.1 if and only if u g Dom L ands
Lu q N lu s 0. 4.2l .s s
Here we assume the following:
 .  .H39 lim g u s q`,< u < ªq`
 .H4 there exists 0 - a - 1 such that
a
< < < <g u y g ¨ F u y ¨ for all u , ¨ g R, .  .
2p C2
where C is a constant defined in Lemma 2.4.2
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 .LEMMA 4.1. If H1 is satisfied, then for any s g R, there exists M ) 0
which is independent of s such that
5 5 2u F M˜ L
holds for each possible weak doubly periodic solution u s u q u, with u g˜
 l. w xKer L and u g Im L, of 4.1 where l g 0, 1 .˜ s
 .  l.Proof. Let u, l be any weak doubly periodic solution of 4.1 . Thens
l .  .u, l is a solution of 4.2 where u s u q u with u g Ker L and u g˜ ˜s
Im L.
 l.By taking the inner product with u on both sides of 4.2 , we have˜t s
Lu , u q l g u u dt dx s l h t , x u dt dx. .  .˜ ˜ ˜ ˜ . HH HHt t t
V V
2 .  4 ` .Since Lu g L V , there exists a sequence y in C V l Im L such˜ n˜
2 .that y ª Lu in L V as n ª q`.˜ ˜n
Let u s K R y . By Lemma 2.3 and the Sobolev embedding theorem,˜ ˜n n
jq2.2 j ` R .  .  .  .W V ¨ C V , j s 0, 1, 2, . . . , u g C V l Im L. Since K isn
2 . 1.2 .  .continuous from L V into each of W V and C V , we have that
R .u ª K Lu in each of those spaces as n ª q`.˜ ˜n
2 .Thus u ª u in L V . Integration of these smooth functions, using˜ ˜n tt
the boundary conditions, show that for each n s 1, 2, 3, . . . ,
5 5 22Lu , u s b u .˜ ˜ ˜ . Ln n nt t
 . 5 5 22Letting n ª q`, we have Lu, u s b u . Moreover, since, for each˜ ˜ ˜ Lt t
 .   . .n, the periodicity of u t, x in t implies g u , u s 0, we have˜ ˜n n nt
  . .g u , u s 0.˜t
Hence, we have
5 5 22b u s l h , u .˜ ˜Lt t
and
12
2 25 5 5 5u F h .˜ L Lt < <b
5 5 2 5 5 22But since u F u for all u g Dom L l Im L, we have˜ ˜ ˜L Lt
1
2 25 5 5 5u F h .˜ L L< <b
The proof is complete.
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 .  .  .THEOREM 2. Assume H1 , H39 , and H4 . Then there exists real
number s such that1
 .  1 .i 4.1 has no weak doubly periodic solution for s - s .s 1
 .  1 .ii 4.1 has at least one weak doubly periodic solution for s s s .s 1
 .  1 .iii 4.1 has at least two weak doubly periodic solutions for s ) s .s 1
w x  l.Proof. By a usual Lyapunov]Schmidt argument in 9 , 4.2 is equiva-s
lent to
Lu q I y Q g u q u q h 4.3 .  .  .˜ ˜
lQg u q u s s 4.4 .˜  .s
where u s u q u with u g Ker L and u g Im L, and Q is the continuous˜ ˜
 .projection defined in section 2. For fixed u g R, consider Eq. 4.3 . Define
2 .an operator N: L V ª Im L by
Nu t , x s y I y Q g u q u t , x q h t , x . .  .  .  .  . .˜
Then N is continuous and maps bounded sets into bounded sets. Since the
 . 2 .inclusion mapping i: C V ª L V is continuous, the right inverse
R 2 . R 2 . 2 .K : Im L ª L V is compact. Hence K N: L V ª L V is com-
 .pletely continuous and 4.3 is equivalent to
u s K RNu.˜ ˜
By Lemma 4.1, all possible solutions to the family of equations
R w xu s mK Nu, m g 0, 1˜ ˜
2 . w xare bounded in L V independently of m g 0, 1 .
 .Thus, by Leray]Schauder’s theory, 4.3 has at least one solution u for˜
each u g R. Such a solution is unique. Indeed, if u and u are two˜ ˜1 2
different solutions with u, then
L u y u q I y Q g u q u y g u q u s 0. . .  .  .˜ ˜ ˜1 2 1 2
Applying K R on both sides of the above equation, we have, by Lemma 2.4
 .and H4 ,
5 5 5 5u y u F a u y u˜ ˜ ˜ ˜` `1 2 1 2
which is impossible since 0 - a - 1. Thus u s u .˜ ˜1 2
 .  .Denote this unique solution of 4.3 by V u , by Lemma 2.3, then
 .V: R ª C V l Im L and is continuous.
SEMILINEAR DISSIPATIVE HYPERBOLIC EQUATIONS 747
If u, u g R, then0
L V u y V u q I y Q g u q V u y g u q V u s 0. .  .  . .  . .  .0 0 0
 .By Lemma 2.4 and H4 , we have
a
5 5 < <V u y V u F u y u . .  . `0 01 y a
Thus V is continuous.
25  .5By Lemma 4.1, V u F M for all u g R. LetL
1 q M
< <V s t , x : V u t , x G , .  .  .0  52p
then
21 q M22 < < w xM G V u t , x dt dx G measure V . .  .HH 02pV
Thus
21 q M
2w xmeasure V F 4p .0 2p
 . <  . . <  .  .4Let V s V y V s t, x : V u t, x F 1 q M r 2p , then1 0
w x 2w  .x2measure V G 4p 1 y Mr 1 q M ) 0. Thus1
g u q V u t , x dt dx .  . .HH
V
2G g u q V u t , x y b dt dx q 4p b .  . .HH
V
2G g u q V u t , x y b dt dx q 4p b .  . .HH
V1
 .where b s min g u .ug R
 .Therefore, by H39 ,
< <g u q V u t , x dt dx ª q` as u ª q`. .  . .HH
V
Define G: R ª R by
1
G u s Qg u q V u s g u q V u t , x dt dx , .  .  .  . .  .HH24p V
 .  .G is continuous by H4 and the continuity of V and G u ª q` as
< <u ª q`.
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l .Equation 4.1 is then reduced to the scalar equation in u;s
G u s Qg u q V u s s. 4.5 .  .  . .
 . w wLet s s min G u , then Im G s s , q` .1 ug R 1
 .If s - s , clearly 4.5 has no solution.1
 .If G u s s , we easily prove, by the intermediate value theorem, that,0 1
 . x w x wfor each s ) s , 4.5 has one solution in y `, u and one in u , q` .1 0 0
This completes the proof.
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